Variation of the speed of light is quite a debated issue in cosmology with some benefits, but also with some controversial concerns. Many approaches to develop a consistent varying speed of light (VSL) theory have been developed recently. Although a lot of theoretical debate has sprout out about their feasibility and reliability, the most obvious and straightforward way to discriminate and check if such theories are really workable has been missed out or not fully employed. What is meant here is the comparison of these theories with observational data in a fully comprehensive way. In this paper we try to address this point i.e., by using the most updated cosmological probes, we test three different candidates for a VSL theory (Barrow & Magueijo, Avelino & Martins, and Moffat) signal. We consider many different ansätze for both the functional form of c(z) (which cannot be fixed by theoretical motivations) and for the dark energy dynamics, in order to have a clear global picture from which we extract the results. We compare these results using a reliable statistical tool such as the Bayesian Evidence. We find that the present cosmological data is perfectly compatible with any of these VSL scenarios, but in one case (Moffat model) we have a higher Bayesian Evidence ratio in favour of VSL than in the standard c = constant ΛCDM scenario. Moreover, in such a scenario, the VSL signal can help to strengthen constraints on the spatial curvature (with indication toward an open universe), to clarify some properties of dark energy (exclusion of a cosmological constant at 2σ level) and is also falsifiable in the nearest future due to some peculiar issues which differentiate this model from the standard model. Finally, we have applied some priors which come from cosmology and, in particular, from information theory and gravitational thermodynamics. They put stronger constraints on the models under consideration, though still in favour of two of the Moffat's proposals.
I. INTRODUCTION
Varying (or dynamical) constants theories have become well established alternative theories of gravity. Beginning with the works of Weyl [1] , Eddington [2] , and especially Dirac [3] , the first fully quantitative framework for such kind of a theory -varying gravitational constant G theory -was set by Brans and Dicke [4] . In such a theory G, which is a dimensional constant, was related to an average gravitational potential (scalar field) surrounding a given particle in the universe. It emerged contemporary that this G-dynamical theory became the key support for the low-energy-effective superstring common sector action [5] , where the string coupling constant changes and the scalar field related to such a change became one of the superstring particle -the dilaton.
Despite the two canons of special relativity -the relativity principle and, in particular, the light principlethe theories of dynamical speed of light have already been considered by Einstein himself [6] , followed by Dicke [7] , Petit [8] , and Moffat [9, 10] . These were followed by the VSL theories of Albrecht and Magueijo [11, 12] in which Lorentz invariance is broken (relativity principle and light principle) so that there is a preferred frame in which the field is minimally coupled to gravity. Then, the geometrical tensors are computed in such a frame and no additional (boundary) terms appear in this frame (though they do in other frames) and the form of Einstein equations remains the same. There were also other proposals, e.g. Magueijo covariant (conformally) and locally invariant theory [13] which had as limits both minimal VSL theory and Brans-Dicke theory. Avelino and Martins [14, 15] have then considered a small modification of the theory by Albrecht and Magueijo, and very recently Moffat proposed the dynamical c theory with an extra vector field driving spontaneous violation of Lorentz invariance [16] .
Different examples of VSL theories (though with c basically depending on energy rather than time) can be considered within the framework of the so-called rainbow gravity theories which are based on the modified dispersion relations which deform Lorentz group to include Planck energy as a second invariant (Doubly Special Relativity -DSR) [17] .
The main objections to dynamical speed of light theories are that they refer to a dimensional constant rather than to a dimensionless one [18] , and that the speed of light enters many apparently different physical theories (relativity, electrodynamics, field theory) and so any change in one of them should be consistent with all of them [19] . In this paper we will not be going into the discussion of these fundamentals (though appreciating them), trying instead to make some observational insight into the matter which we think is reasonable on the ground of physics which is an experimental science.
The discussion about the dimensionality of c problem also refers to the dimensionality of G, which is rarely objected by physicists dealing with Brans-Dicke type of theories. We stay on a side that even if considering dimensional c, its dynamics can always be related to a dimensionless quantity such as the fine structure constant and so may become fully acceptable. As it is well-known, varying fine structure constant theories have been studied intensively both in the theory [20] and in observations [21] among last two decades and apparently they started from the Bekenstein theory of varying electron charge e model [22] which seems to be on the same footing as varying speed of light models due to the definition of the fine structure constant α = e 2 / c, where is the Planck constant.
Thus, we are of course aware that there is a large debate about the benefit to study and develop VSL theories, i.e. based on the variation of dimensional physical constants. Here, we want to make clear our position and explain why we think that studies like the one performed in this work still have some importance.
We think one should consider separately the theoretical study and the effective possibility to test VSL theories. Even assuming that the only meaningful theories possible are those of dimensionless quantities, we need to stress out that theories involving the variation of the speed of light can indeed be made dimensionless. In fact, in some recent works [23, 24] , we have already focused on varying speed of light (VSL) theories, and have shown that they can leave a signature in the cosmological background (in particular, in the galaxy distribution) which can be measured through the quantity D A (z)H(z)/c 0 , where D A is the angular diameter distance, H is the cosmological expansion rate, and c 0 is the speed of light measured here and now. In particular, the evaluation of such a quantity at the maximum redshift, defined as the redshift where D A reaches its maximum, is a strong discriminant: it would be equal to one only in the case of constant speed of light while, if there was any variation, it would be different from one. Some other observational tests for VSL cosmologies have also been suggested [25, 26] . In those previous works, we have not questioned about the physical mechanism (and, thus, the theoretical background) behind a VSL signal; we have simply assumed that there is one, and we have tried to find out the way to detect it. In this work we focus on a different subject: among many VSL theories/approaches, we want to analyse if there is a (statistical) hierarchy, i.e. if some approach is more or less compatible with observational data; if it is more or less probable (by means of some statistical tools) than a "classical" constant speed of light scenario. If such theories are falsifiable through measurements of dimensionless quantities, then, it would be a second step; and we will discuss further if this is possible.
The paper is organized as follows. In Sec. II we give the most important and general details about the VSL theories we analyse; in Sec. III we describe the present observational status we use to constrain our models. In Sec. IV we discuss statistical tools and priors applied to VSL models while in Sec. V we show all the main results from our statistical analysis. Finally, in Sec. VI we put all the main conclusions we can derive from our work.
II. MODELS
In this section we discuss different VSL approaches. We describe the main properties of them while for further details, the interested reader is referred to the suggested bibliography. In analogy with standard notation, we introduce and define the following quantities
which can be understood as the kind of analogy to the Hubble parameter and the deceleration parameter for the varying speed of light dynamics.
One of the first approaches to a reliable VSL was introduced and explored in a series of papers, [11] [12] [13] [27] [28] [29] [30] ; we will call it BM approach. In a VSL theory, Lorentz invariance is broken and we have a preferred frame for the formulation of the physical laws. In such a frame, the speed of light is promoted to a field, Φ(x) = c 4 (x), with a time variation included. Then, such a field is assumed to be minimally-coupled to gravity, with the action given by
where: g is the determinant of the metric g µν ; R is the Ricci scalar; L M is the Lagrangian of any considered matter component; L Φ is the Lagrangian of the field Φ and does not contain any metric contribution, in order to have a minimal coupling; G is the universal gravitational constant (which we assume here to be constant, while in [28] it is not); and Λ is the cosmological constant (we introduce it here as in the original papers we are referring to, but we will consider a more general dark energy fluid in our analysis, not only a cosmological constant). Varying the action in the preferred frame, one finds [12] that the Einstein's equations stay unchanged with respect to the classical c-constant case. Assuming the universe is homogeneous and isotropic, we end with the following Friedmann and acceleration equations,
where ρ(t) stands for the total matter budget in the universe and k = 0, ±1 for the spatial curvature. The interesting point is that, when they are combined in order to obtain the continuity equation, the presence of a time varying c(t) leads tȯ
with a new term on the right hand side which is, in general, different from zero and brings, as expected, a violation of energy conservation. It is interesting to note that such term is related to both VSL and spatial curvature, with a possible degeneracy between them. Moreover, in a spatially flat universe, with k = 0, we would have no way to determine if the speed of light c is varying or not, because neither the fluid behaviour (through the continuity equation), nor the background dynamics (through the first Friedmann equation) would retain any possible signature to discriminate between a VSL signal and a constant speed of light.
B. Avelino & Martins (AM) model
The first generalisation to the previous approach was given in [14, 15] . The authors assumed arbitrary variations of the speed of light, not restricted to the minimal coupling, thus leaving open the possibility for the VSL to contribute curvature corrections. This model will be called AM approach. In this case, the Friedmann and acceleration equations are
Combining them, we obtain the continuity equatioṅ
The main difference with the previous section is that a violation of the energy conservation is not directly related to the spatial curvature, e.g., the influence of the VSL theory is geometrically independent and represented by the last term on the right-hand side of Eq. (8) .
C. Moffat model
The very first attempt to build a consistent VSL theory was given in [9, 10] and then elaborated in [31] [32] [33] [34] . Here, we will consider the most recent update from the same author, as discussed in [16] , and called Moffat approach here. With respect to previous approaches, this latter model is much more complex, with many more ingredients and degrees of freedom. In some way, it might be considered as a more complete and general way in which a VSL might be introduced. In this model, the general action is made of up to four terms,
where: S G is the usual gravitational action, with the speed of light promoted to a field, Φ(x) = c 4 (x), and no minimal coupling requirement is assumed,
with κ a dimensionless constant. S ψ is the action representing the dynamics of a vector field ψ µ driving a spontaneous violation of SO(3, 1) Lorentz invariance, and is given by
with B µν = ∂ µ ψ ν − ∂ ν ψ µ , and W a potential; S φ is the action of a dimensionless scalar field φ, minimally coupled to gravity, and which should be responsible for quantum primordial fluctuations,
with V a potential; S M is the matter fields action, and c 0 the value of the speed of light today. Assuming isotropy and homogeneity, and dropping fields ψ and φ as appropriate only to the very early stage of the universe expansion [35] , we end up with the following Friedmann and acceleration equations:
Combining these two equations we find a modified continuity equation which looks aṡ
If we take into account the equation of motion for the field Φ, i.e.
where T is the trace of the energy-momentum tensor, and which can be found to be explicitly equivalent to
then the continuity equation reduces tȯ
Thus, in a theoretical context where the VSL is properly considered as a field, we reach the same continuity equation from BM, but a Friedmann equation which is different from both BM and AM approaches. It is worth mentioning that the action (10) is a special case of a general scalar-tensor action of the form [36] 
with an appropriate choice of the functions F (Ψ) and Z(Ψ) (see also [19] ).
D. VSL and DE ansätze
In order to apply the previous equations to cosmological data, we need some further elements to be specified. First of all, in all continuity equations we have to specify the equation of state (EoS) for all matter and energy fluids involved in the dynamics of the universe. Given the pressure as p(t) = w(t)ρ(t)c 2 (t), with w(t) the EoS parameter, we will consider the following components in the cosmological fluid:
• w m = 0, for pressureless non-relativistic matter (both baryonic and dark matter);
• w r = 1/3, for radiation (photons);
• w DE = −1, for the cosmological constant case, when considering non-dynamical dark energy;
• w DE = w 0 + w 1 (1 − a), the well known ChevallierPolarski-Linder (CPL) model [37, 38] , mostly used as reference model for dynamical dark energy models.
Moreover, we further need to specify the c(t) functions; we have considered three different ansätze, i.e.
• c(a) = c 0 a n or H c = nH (named "c-cl" in tables), the classical and most general ansatz used, for example, in [28] ;
• c(a) = c 0 1 + a ac n (named "c-Mag" in tables), proposed in [13] and here applied for the first time to cosmological data. It describes a transition from some c = c 0 to c 0 at some epoch a c ; how fast will be the transition will be ruled by the parameter n;
bles), a linear (in scale factor) VSLà-la CPL.
In order to calculate cosmological distances through the explicit expression of H(t) (or H(a), with a the cosmological scale factor) we need the Friedmann equation, and H(t) will have to contain the explicit time-behaviour expression for matter, radiation and dark energy fluids, which can be derived solving the continuity equations.
In the BM approach, we have already discussed how the energy violation is intrinsically related to the value of the spatial curvature; as we are going to consider the most general case of k = 0, we can have non-trivial solutions to the continuity equation. We note that the right hand side of Eqs. (5) and (18) are not dependent explicitly on the density. Thus, we can assume that fluids evolve separately (i.e. there is no interaction among them), and we can write Eq. (5) as:
for matter and radation (labeled by index "i"), and as
for dark energy (DE). We have also made use of the relationȧ = da/dt in order to change the time derivatives (dots) with scale factor ones (primes); in this way, by solving the differential equation, we can express densities directly as functions of the scale factor. Then, in the BM and Moffat approaches, we are implicitly assuming that matter and radiation behave in a "classical" way, while the VSL signal is mainly influencing (and can contribute to) the dark energy fluid. Actually, to uncover how much the DE amount and trend will be changed (in a significant or not observationally detectable way) by the VSL assumption is another purpose of this work. Finally, it may be worth to note down that even in the case of a cosmological constant, i.e. w DE = −1, we will not have a constant DE fluid but, instead, a "dynamical" cosmological constant, due to the k-c ′ term. In the AM approach, things are different: the VSL influence does not strictly depend on geometry, being always present. And it affects the continuity equation through a term which is proportional to the density. Thus, in this case, even matter and radiation will result to have a different dynamical behaviour with respect to the classical scenario,
The good point of these approaches is that, given the way their continuity equations are expressed, we can solve them analytically in most cases (only when using a CPL DE model we might have to solve them numerically for some c(z)-ansätze), and express densities directly as functions of scale factor (or redshift), which turns out to be vital for the application to cosmological data. Some basic results were also given in the seminal works, here we have extended them to a more general records of VSL forms.
III. DATA
The analysis has involved the largest updated set of cosmological data available so far, and includes: expansion rate data from early-type galaxies; Type Ia Supernovae; Baryon Acoustic Oscillations; Cosmic Microwave Background; and a prior on the Hubble constant parameter, H 0 . For the sake of consistency, in next subsections all the cosmological distances involved in our analysis will be expressed in the case of null spatial curvature, i.e. for Ω k = 0. But in our analysis, we have left the curvature free, so that they should be extended to the general-Ω k case following comoving distance [41] 
is the line-of-sight comoving distance, E(z) = H(z)/H 0 , Ω k is the dimensionless curvature density parameter, and considering that luminosity distance and angular diameter distance are given respectively by
How to generalize all these equations to the case of a VSL model will be described in detail below, case by case.
A. Hubble data from early-type galaxies
We use a compilation of Hubble parameter measurements estimated with the differential evolution of passively evolving early-type galaxies as cosmic chronometers, in the redshift range 0 < z < 1.97, and recently updated in [42] . The corresponding χ 2 H estimator is defined as
with σ H (z i ) the observational errors on the measured H obs (z i ) values, θ b the vector of the cosmological background parameters, and θ c the vector of the parameters directly related to the functional form of c(z). Moreover, we will add a gaussian prior, derived from the Hubble constant value given in [43] , H 0 = 69.6 ± 0.7.
B. Type Ia Supernovae
We used the SNeIa (Supernovae Type Ia) data from the JLA (Joint-Light-curve Analysis) compilation [44] . This set is made of 740 SNeIa obtained by the SDSS-II (Sloan Digital Sky Survey) and SNLS (Supenovae Legacy Survey) collaboration, covering a redshift range 0.01 < z < 1.39. The χ 2 SN in this case is defined as
with ∆µ = µ theo − µ obs , the difference between the observed and the theoretical value of the observable quantity for SNeIa, the distance modulus; and C SN the total covariance matrix (for a discussion about all the terms involved in its derivation, see [44] ). The predicted distance modulus of the SNeIa, µ, given the cosmological model and two other quantities, the stretch X 1 (a measure of the shape of the SNeIa light-curve) and the color C, is defined as
where D L is the luminosity distance. In a classical context, where c is constant, this is given by
with H(z) ≡ H 0 E(z) (following [44] , only for SNeIa analysis we assume H 0 = 70 km/s Mpc −1 ) and c 0 the speed of light measured here and now. The vector θ b will include cosmologically-related parameters and three other fitting parameters: α and β, which characterize the stretchluminosity and color-luminosity relationships; and the nuisance parameter M B , expressed as a step function of two more parameters, M 1 B and ∆ m :
Further details about this choice are given in Ref. [44] .
When c is varying according to our models, Eq. (29) is modified into
C. Baryon Acoustic Oscillations
The χ 2 BAO for Baryon Acoustic Oscillations (BAO) is defined as
where the quantity F BAO can be different depending on the considered survey. We used data from the WiggleZ Dark Energy Survey, evaluated at redshifts z = {0.44, 0.6, 0.73}, and given in Table 1 of [45] ; in this case the quantities to be considered, when c is constant, are the acoustic parameter
and the Alcock-Paczynski distortion parameter
where D A is the angular diameter distance
and D V is the geometric mean of the physical angular diameter distance D A and of the Hubble function H(z), and defined as
. (36) When dealing with varying c, Eqs. (33)- (35) and (36) have to be changed into
We have also considered the data from the SDSS-III Baryon Oscillation Spectroscopic Survey (BOSS) DR12, described in [46] and expressed as
where r s (z d ) is the sound horizon evaluated at the dragging redshift z d ; and r f id s (z d ) is the same sound horizon but calculated for a given fiducial cosmological model used, being equal to 147.78 Mpc [46] . The redshift of the drag epoch is well approximated by [47] 
where
The sound horizon, in the classical context of constant c, is defined as:
with the sound speed
and
with T CMB = 2.726 K. Finally, we have also added data points from Quasar-Lyman α Forest from SDSS-III BOSS DR11 [48] :
When working with varying-c models, of course, we will have to change D A and D V as described above, and also the sound horizon, through the definition of the sound speed, Eq. (45), which now will be
Thus, we will have three different contributions to χ
Lyman , depending on the data sets we consider.
D. Cosmic Microwave Background
The χ 2 CMB for Cosmic Microwave Background (CMB) is defined as
where F CMB is a vector of quantities taken from [49] , where Planck 2015 data release is analyzed in order to give a set of quantities which efficiently summarize the information contained in the full power spectrum (at least, for the cosmological background, see [50] ), and can thus be used in alternative to the latter. In the classical context, the quantities are the CMB shift parameters:
and the baryonic density parameter, Ω b h 2 . Again, r s is the comoving sound horizon, evaluated at the photondecoupling redshift z * , given by the fitting formula [51] :
with
while r is the comoving distance defined as:
When considering varying-c models, again, the sound horizon will change as described above, and the comoving distance will be
and the shift parameter R will become
Thus, the total χ 2 T ot will be the sum of:
Lyman and χ 2 CMB . We minimize χ 2 T ot using the Markov Chain Monte Carlo (MCMC) method. The cosmological parameters vector θ b will be equal to
where w DE can be −1 when considering the cosmological constant case, or {w 0 , w 1 } when dealing with the CPL parametrization. Instead, the VSL parameters vector θ c will be made of {n, a c } (plus κ, the kinetic term for the VSL field, in the Moffat approach) depending on the chosen ansatz for c(z). The parameter h is defined in a standard way by H 0 ≡ 100 h. The density parameters entering H(z) are Ω m , Ω r , Ω k with Ω DE consequently in order to ensure the condition E(z = 0) = 1. Moreover, the radiation density parameter Ω r will be defined [52] as the sum of photons and relativistic neutrinos
where Ω γ = 2.469 × 10 −5 h −2 for T CMB = 2.726 K; and the number of relativistic neutrinos is assumed to be N ef f = 3.046.
IV. STATISTICAL COMPARISON TOOLS
If we plan to have a statistical hierarchy of VSL approaches, we need a statistical tool to define the reliability of one model against the other. There is plenty of tools which might be used, but each of them is plagued by some problems and that makes the choice of the right one tricky. A list of the most used in cosmology can be found in [53] , including: the Akaike Information Criterion (AIC), in its original form [54] , and the corrected one [55] ; the Residual Information Criterion (RIC), both original and extended [56] ; the Bayesian Information Criterion (BIC) [57] ; and the Deviance Information Criterion (DIC) [58] . Independently of the way they are derived, they all look like a "variation on a theme", being equal (except for DIC) to the minimum in the χ 2 plus some term which involves a combination of the number of theoretical parameters and of the number of data used in the analysis. Thus, they will always tend to penalize (even if in different measure) models with a higher number of parameters in a clearly biased way. Some of them have also intrinsic problems, for example: the "dimensional inconsistency" of AIC; or BIC-based inference being suspicious when some theoretical parameters are degenerate (which often happens when dealing with DE models or parameterizations); and they do not generally help to state a "validity hierarchy", instead leading to conflicting results (see the case analysed in [53] , for example).
A. Bayesian evidence
Finally, it is generally recognized that the best way to statistically compare models is by means of the Bayesian Evidence for it. In this work, the Bayesian Evidence for each model is calculated using the algorithm described in [59] . As this algorithm is stochastic, in order to take into account possible statistical noise, we run it ∼ 100 times obtaining a distribution of values from which we extract the best value of the evidence as the median of the distribution. The Evidence, E, is defined as the probability of the data D given the model M with a set of param-
is the prior on the set of parameters, normalized to unity, and L(D|θ, M ) is the likelihood function. As commented above, there are many other tools to compare models, but the Bayesian Evidence is considered the most reliable, even if it is not completely immune to problems, like its dependence on the choice of priors [60] . In order to minimize such problems, we have always used the same uninformative flat priors on the parameters, and over sufficiently wide ranges, so that further increasing them will have no impact on the results. More details about them are in next subsections.
Once the Bayesian Evidence is calculated, one can obtain the Bayes Factor, defined as the ratio of evidences of two models, M i and M j ,
given the data. We have used, separately, the cosmological constant and the CPL model, both with constant speed of light and null spatial curvature, as reference models M j .
Even if the Bayes Factor B i j > 1, one is not able yet to state how much better is model M i with respect to model M j . For this, we choose the widely-used Jeffreys' Scale [61] . In general, Jeffreys' Scale states that: if ln B In [60] , it is shown that the Jeffreys' scale is not a fully-reliable tool for model comparison, but at the same time the statistical validity of the Bayes factor as an efficient model-comparison tool is not questioned: a Bayes factor B i j > 1 unequivocally states that the model i is more likely than model j. We present results in both contexts for reader's interpretation.
B. Priors
The most straightforward priors are derived from general cosmological assumptions. In particular:
• 0 < Ω b < Ω m ; no upper limit is given, because we leave Ω k free;
• Ω DE > 0 or, more generally, ρ DE (a) > 0 for any scale factor in the range [0, 1]. This sounds like a quite natural and obvious condition (matter/energy density is positive by definition) but it is not so trivial in our analysis. In fact, when solving the continuity equations, Eqs. (5) - (8) and (18), it can happen that, for some combination of the parameters θ b , θ c (in particular, Ω k , w DE , n and κ), we might have ρ DE (a) < 0 over some redshift range;
• for the CPL case, w 0 + w a < 1.
We will define such priors as the cosmological priors. But constraints of different nature might be assumed. In fact, in the past, VSL have been analyzed in the context of their thermodynamical consequences [62, 63] . For the sake of completeness, we will also discuss such priors in our analysis, but we want to make it clear that the only reliable results are, in our opinion, only those derived from applying the cosmological conditions described above. That is why there are many possible flaws behind the above-mentioned thermodynamical considerations. The first point, referring to [62] , introduces what we could define as an information prior. In that work the authors state in a simple way a possible relation among VSL and variation in the entropy of the universe. In particular, they state that "an increase in c means a widening of the past light cone of the observers. Automatically they acquire more information and the entropy decreases accordingly." Such affirmation is then used to state that the only possible VSL signal needs to haveċ < 0. This condition is what we will call information prior later on. It is easy to check that, given our ansätze for the functional form of c(z), it corresponds to n < 0 for the c-cl and c-Mag cases, and n > 0 for the c-CPL one. Actually, this condition is very restrictive and still disputable. In fact, the past light cone of the observers only defines the visible universe, a smaller (not closed) region of the entire universe. It seems that the information problem in this case is quite different from the information paradox for black holes, because, in our case, there is actually no proper loss or gain of information: the information in the entire universe is always the same, independently of what we observe or not. The second approach is described in Ref. [63] . Assuming the universe satisfies the first law of thermodynamics, in a VSL scenario the time variation of the entropy is found to be:
where s is the entropy, ρ is the total matter density, Λ is the cosmological constant, and T is the temperature of the Universe. This formula is more complete than its equivalent in [62] , because it takes into account a cosmological constant, and not only ordinary matter. Moreover, it exhibits a coupling between the cosmological constant and the VSL signal because the former is introduced as a geometrical component. In our approach, instead, we consider dark energy, whatever it is, as a fluid, thus contributing to the stress-energy tensor. As such, following the same step in [63] , our equivalent expression for Eq. (59) will be:ṡ
for the Avelino & Martins model, and:
for the Barrow & Magueijo and Moffat models. They give different results because of the different continuity equations, Eqs. (5) - (8) and (18) . Now, ρ includes both matter (dark and baryonic) and dark energy. Finally, Eq. (61) can be written in terms of observational parameters as:ṡ
where ∆ c = c(z)/c 0 . It is then straightforward to find out that, for the Avelino & Martins scenario, you can only haveċ > 0 in order to ensureṡ > 0; and this conclusion contradicts the information prior stated in [62] . On the other hand, in the case of Barrow & Magueijo and Moffat models, you can still have eitherċ < 0 orċ > 0, andṡ > 0. When we consider the conditionṡ > 0, as derived from Eqs. (60) - (62), we will assume that an entropy prior is being applied.
However, we have to stress that Eqs. (60) - (62) are derived assuming that the energy (or the number particles) is conserved in the universe; but VSL intrinsically violate this condition [13] , as it is also possible to check from the same continuity equations we have derived in this work, Eqs. (5) - (8) and (18) . Thus, in principle, they should/could not be applied to VSL in a healthy way, and they could lead to conflicts and/or inconsistencies with the same VSL approaches (as it is shown in Table I , which we will discuss in next sections).
V. RESULTS AND DISCUSSION
We will discuss the results obtained from applying different kinds of priors in separate sections, enlightening pros and cons for each of them. In Table I we report all the priors we can apply, and show if they are compatible with each other. A " " implies that a fit with the assumed conditions is possible, and gives reliable results. A " †" means that the prior conditions can be satisfied by some set of parameters values, but no reliable fit is possible. For example, we can have high values of the χ 2 (∼ 10 4 − 10 6 ), implying an unsatisfactory fit of the observational data; and not physical cosmological parameters, as h → 1, Ω m → 0, or w 0 → 0. Finally, a " ‡" means that there is no set of parameters at all which can satisfy the considered priors.
A. Cosmological priors
In this case, all results for our analysis are summarized in Table II for the cosmological constant case, and in Table III for the CPL case. As we have stated in the previous section, these will be considered by us as the main result of this work.
Looking at the values of the logarithm of the Bayes Factor for the cosmological constant case, we can see how the values are mostly < |1| which means no strong statistical evidence in favor of one model in particular, were it the reference scenario (c−constant, with or without spatial null curvature) or one of the VSL one. Most of the cases are completely equivalent among each other, not only when relying on the values of the cosmological parameters coming out our statistical analysis, but also when looking to possible alternative smoking guns as, for example, the maximum distance from the galaxy distribution we discussed (see column 8 in Table II and column  10 in Table III) .
The AM approach, while being < |1|, show negative Bayes Factor, thus, it should be slightly disfavoured with respect to the c-constant case (and null spatial curvature). On the contrary, the BM and Moffat scenarios report > 1 values for the Bayes Factor in the case of a linear VSL signal, pointing toward a substantial evidence in favor of the VSL scenarios against the classical one with no spatial curvature. It is also interesting to note that mostly all the VSL scenarios have a higher Bayes Factor than the Ω k -free classical scenario, which means they are in some way more favoured with respect to this model.
Focussing on the values of the cosmological parameters, it is clear that only the AM approach results in different values for Ω m and Ω k , both much higher (and with larger errors) then the standard model. But, as stated above, this approach is statistically not favoured. On the other hand, the models with the highest Bayes Factors are perfectly consistent with the ΛCDM expectations, looking almost identical, even when the value of the maximum redshift is taken into account.
Moving to the VSL ansätze, the first point to be stressed is how the c-Mag ansatz has an important flaw: the scale factor at which there should be transition from one c = c 0 to c = c 0 is basically unconstrained, could it range from 0 to 1 at (slightly less than) 2σ level. An interesting point is that both the BM and Moffat scenarios with the highest Bayes Factor, have an index n (parameterizing the VSL signal and its deviation from the c-constant case, holding for n = 0) which is consistent with 0 only at 2σ confidence level. Such VSL signals also seem to partially smear the effect from the spatial curvature: while the Ω k best fit values look to be the same, there is a sensible decrease in their error estimations, pointing toward a better assessment of an open Universe (Ω k > 0).
When moving to the CPL case, in general, results are the same, qualitatively speaking, even if now, as expected, the presence of a dark energy component increase the degeneracy among parameters. The AM approach results to work better than the cosmological constant case but, even if the Bayes Factors are all > 0, still the VSL models have smaller Evidence than the classical scenario with non-null curvature (i.e. CPL plus Ω k free). Again, the BM and Moffat approaches give better statistical performances, with > 1 Bayes Factors. Now the curvature is consistent with null value; but the c−running parameters n are not consistent with zero values at least at 2σ level. Moreover, in this case we have a clear difference in both the cosmological parameters outputs (for the Moffat case, we have less matter required) and in the maximum redshift for D A , which could be a good observational probe to discriminate between the standard and the two alternative scenarios.
Finally, the most favoured statistical scenarios point clearly toward a phantom dark energy (w DE < −1 at late times), and the cosmological constant case is excluded at least at 2σ level (see values for the w 1 parameter).
We will also give a further detail about such models: as explained in the Introduction, while having a Bayesian hierarchy of VSL approach is an initial step, a more fundamental and important one would be to have a good observational discriminator among them. And, possibly and preferably, such discriminator should be related to a dimensionless quantity. In our previous works [23, 24] , we have shown that this is possible: one has to calculate where is located (in terms of redshift) the maximum in the angular diameter distance, and then calculate the quantity D A (z M )H(z M )/c 0 which, for a general VSL theory with free curvature Ω k , is
where z M is the redshift at which the angular diameter distance reaches its maximum, and ∆ c (z M ) and ∆ k (z M ) are defined as
∆ c is, basically, the contribution to the signal given only by the relative variation of the speed of light between now and the z M epoch, while ∆ k quantifies the contribution to the signal from the spatial curvature. Actually, in ∆ k there is still some influence from c(z), through the comoving distance D C .
Thus, for each model we have considered, we have calculated the maximum redshift z M , the total ∆ c ∆ k signal, and the separate contributions from both VSL and curvature. In [23, 24] we have stated that, in principle, the Square Kilometer Array (SKA) [64] will be able to detect, if any, a total signal 1 ∆ c ∆ k ≈ 1.01. Looking at Tables II and III, we can easily check that, from this point of view, the only scenarios which fulfill such condition in an undoubted way are the BM and Moffat models, with a CPL and classical VSL ansatz respectively when a cosmological constant or a CPL DE model is assumed, i.e. all the models which exhibit the highest favourable evidence. This makes them falsifiable in the next future.
B. Information priors
The first point to be noted is that when we apply only cosmological priors (Tables II and III) , the information prior condition,ċ < 0, is automatically verified by the median best fit values for the Avelino & Martins scenario. Thus, by forcing the conditionċ < 0 we will have the only consequence to cut the positive-values tail, but not to really improve or worsen the χ 2 value. This can be easily checked in Tables IV and V, by inspection of the Bayesian Evidence values compared to the reference models, ΛCDM without and with curvature.
On the other hand, the Barrow & Magueijo and Moffat scenarios, in the only cosmological priors case, always have best fits which satisfy the conditionċ > 0. Thus, they are intrinsically violating the information prior. As a result, by imposing the information prior, the χ 2 is much more worsened. Actually, while in the cosmological prior case they are the most favoured scenarios, with a Bayesian Evidence even greater than one in some cases, now they have lower values (even turning negative, in the case of a ΛCDM component) meaning they are clearly disfavoured. And we can only put lower or upper limits on the curvature and on the variation rate of c(z).
1 In [23, 24] we have assumed that such signal is made only by VSL, while the curvature is null, i.e., ∆ k = 1
C. Entropy priors
The application of the entropy prior is much more tricky. First of all, from Table I one can immediately see that it is impossible to haveṡ > 0,ċ < 0 and ρ DE (a) > 0 satisfied at the same time in all cases but the Moffat scenario with a CPL dark energy and a c-CPL ansatz for the VSL signal. It must be noted that, with respect to [62, 63] , this inconsistency has been obtained not by analytical considerations, but by an extensive scan of the parameters space through Markov Chain Monte Carlo runs. Also, we remember that VSL theories explicitly violate the energy conservation; thus, such inconsistency, is not completely unexpected, and does not mean that the VSL approaches we have considered are wrongly defined, but that a more careful analysis about VSL consequences is needed at every basic level.
As said in previous section, in the Avelino & Martins case we always haveċ < 0; this condition is not compatible withṡ > 0 given in Eq. (60) . Thus, we have to forcė c > 0 in order to haveṡ > 0 (see Table I ). Results are in Tables VI and VII. As expected, the fit is worst in this case with respect to previous priors cases.
For the Barrow & Magueijo scenario, we can achieve the conditionṡ > 0 in one case only, withċ > 0, see Table VII. Instead, the only cases within Moffat approach which give reliable and reasonable fits to the data, correspond to the c-CPL ansatz, with n > 0, which actually impliesċ < 0. Thus, if we had to give full validity to the entropy prior, the Moffat scenario would result to be the only one possible, but with a negative logarithmic Bayesian Evidence ratio, so, it would be disfavoured with respect to the standard c-constant ΛCDM model.
VI. CONCLUSIONS
In this work we have tried to introduce some clarifications in the context of varying speed of light theories. While there is a hard debate about their feasibility, and many theoretical proposals which try to assess all the problems and issues they are generally concerned for, we have detected a global lack of one of the easiest and most natural way to test the reliability of a theory: its application to data, and the resulting statistical analysis. Results in this work are just this: a statistically-based theoretical feasibility study of some VSL approaches; but the way these can be confirmed has to pass, of course, through some dimensionless quantity like, for example, the previously described relative variation of c.
Here, we used the most updated cosmological probes and considered three different ways to approach a varying speed of light cosmology. Firstly, we considered the approach initially described in [11] [12] [13] [27] [28] [29] [30] (BM) which, even if historically referred as the most influential, is well known to have some theoretical shortcomings as, for example, not a proper way to introduce variation of the speed of light at the action level. At the moment to enforce a comparison with data, this approach looks like a "mild" variation to the standard ΛCDM model, with some consequence only at the continuity equation if the spatial curvature is considered not null. Otherwise, it would be completely equivalent to the standard cconstant ΛCDM scenario. Secondly, we have focussed on a first try to extend such approach, developed by [14, 15] (AM), and leading to more effective changes to both the Friedmann and the continuity equations, which do not simply disappear even when spatial flatness is assumed. Last, we have paid attention to the newest approach from [16] (Moffat) , which overtakes all the major shortcomings from the first VSL models by considering the varying c as a field, and properly taking it into account since the lagrangian definition. The interesting point is that, while the continuity equation from this model is completely equal to the BM one, the Friedmann equation is different and does not correspond to it even in the limit of null spatial curvature.
One of the most problematic points when facing a VSL theory is the lack of a theoretically-based c(z) ansatz; we have considered two ansätze from literature and proposed a new one, linear in the scale factor, which we have called c-CPL, in close parallelism with the most used dark energy parametrization. Moreover, we have considered two different cases for a dark energy fluid, i.e. a cosmological constant and a CPL DE parametrization.
Final results show that the most interesting approaches, from a statistical point of view, are the BM and Moffat ones. The AM is able to obtain a quite good fit of present data, but using the Bayesian Evidence as tool to define a preference hierarchy among the models, it results to be the less favourable. On the other hand, the BM approach, while being satisfactory and admissible, has one problem which no statistical probe can quantify: its recognized theoretical unsatisfactory derivation. The most interesting, then, is the VSL approach from Moffat: it has theoretical soundness, and seems to be favoured by data with respect to the stronger and more famous c-constant ΛCDM scenario, both with or without fixing null spatial curvature. The VSL signal cannot explain present accelerated expansion (one of the historically most required motivations to introduce a varying speed of light) by itself; it always need a dark energy component to enforce it. But there is a 2σ statistical evidence for both a non-zero VSL signal and for a non-constant DE component. What makes this approach even more interesting is that, while from a pure cosmological point of view, the expected cosmological parameters are quite similar to the ΛCDM case, there are other observations, like the maximum redshift location in the D A , and the amount of signal (as defined in the previous sections) at that redshift, which make it different from the standard scenario and, thus, testable in the very next future.
Finally, we have also considered a VSL analysis by applying priors coming from information theory and the second law of thermodynamics. The application of such priors turned out to be a bit inconclusive and perhaps not completely clear. It seems that there are still some theoretical issues which should be addressed before going to some more general conclusions. Anyway, in this paper we have presented all possible combinations of models and constraints which refer to the topic of varying speed of light cosmologies leaving its deeper attitude to future readers. Table I . Scheme showing all the priors that can be applied and if they can effectively give a physical solution or not. A " " implies that a fit with the assumed conditions is possible, and gives reliable results. A " †" means that the prior conditions can be satisfied by some set of parameters values, but no reliable fit is possible. A " ‡" means that there is no set of parameters at all which can satisfy the considered priors. 
